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Some applications of homogeneous structures on Hopf
hypersurfaces in a complex space form
Setsuo Nagai
Abstract. The purpose of this paper is to give a new and simple proof
of the classification theorem of D’Atri- and C-type hypersurfaces in a
non-flat complex space form given by Cho and Vanhecke [3]. We use
a homogeneous structure tensor on a real hypersurface of type (B) to
prove the theorem.
1. Introduction
In Riemannian geometry, a locally symmetric space whose local geodesic
symmetries are isometric is one of the most important subjects. E. Cartan
characterized such a space by the parallelism of the curvature tensor. There
are many generalizations of the concept of locally symmetric space. A Rie-
mannian manifold is said to be a D’Atri space if all of its local geodesic
symmetries are volume-preserving up to sign. A C-space is a Riemannian
manifold such that for any geodesic the corresponding Jacobi operator has
constant eigenvalues along that geodesic. The classes of D’Atri spaces and
C-spaces are wider than that of locally symmetric spaces.
On the other hand, when we focus our attention on real hypersurfaces
in a non-flat complex space form, we know the fact that there are no real
hypersurfaces with parallel Ricci tensor (see [5]). In particular, there are
no Riemannian locally symmetric real hypersurfaces in a non-flat complex
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space form. So, it is an important and an interesting problem to clas-
sify D’Atri- and C-type hypersurfaces in a non-flat complex space form.
Concerning this problem, J. T. Cho and L. Vanhecke proved the following
theorem:
Theorem 1.1. ([3]) A Hopf hypersurface in a non-flat complex space form
of complex dimension ≥ 2 is a D’Atri space or a C-space, respectively, if
and only if it is locally congruent to a hypersurface of type (A) (for the
definition of a hypersurface of type (A), see §2).
In the proof of Theorem 1.1, they used very long and complicated cal-
culations. Further, they used a computer for their calculations.
A Riemannian homogeneous space has a characteristic tensor a so-called
homogeneous structure (see [1]). In the papers [9] and [11], the author
obtained homogeneous structures on real hypersurfaces of type (A) and
(B). They are expressed by using the almost contact metric structures and
the shape operator of real hypersurfaces. The purpose of this paper is to
simplify the proof of Theorem 1.1 by using a homogeneous structure on a
real hypersurface of type (B).
2. Preliminaries
In this section, we collect preliminary results concerning real hypersur-
faces of a non-flat complex space form and their homogeneous structures.
Let Mn(c) be an n-dimensional complex space form with constant holo-
morphic sectional curvature c 6= 0 and let g and J be its metric tensor and
complex structure, respectively. Further, let M be a connected real hyper-
surface of Mn(c). We also denote by g the induced Riemannian metric and
by ν a local unit normal vector field along M in Mn(c).
We define an almost contact metric structure (φ, ξ, η, g) onM as follows:
(2.1) ξ = −Jν, η(X) = g(X, ξ), φX = (JX)T , X ∈ TM,
where TM denotes the tangent bundle of M and ( )T the tangential com-
ponent of a vector.
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These structure tensors satisfy the following equations:
(2.2)
φ2 = −I + η ⊗ ξ, φξ = 0, η ◦ φ = 0, η(ξ) = 1,
g(φX, φY ) = g(X,Y )− η(X)η(Y ), X, Y ∈ TM,
where I denotes the identity transformation of TM .
The Gauss equation of M becomes
(2.3)
R(X,Y )Z = c4 {g(Y, Z)X − g(X,Z)Y + g(φY,Z)φX − g(φX,Z)φY
−2g(φX, Y )φZ}+ g(AY,Z)AX − g(AX,Z)AY,
whereR denotes the curvature tensor ofM defined byR(X,Y ) = [∇X ,∇Y ]−
∇[X,Y ] with respect to the Levi Civita connection ∇ of M .
A real hypersurface M of Mn(c) is said to be a Hopf hypersurface if the
structure vector ξ is a principal curvature vector field, that is, an eigenvector
field of the shape operator field on M . In the following, we assume c = 4
or c = −4 for convenience.
A real hypersurface M is said to be a homogeneous real hypersurface if
M is an orbit space of an analytic subgroup of the isometry group ofMn(c).
Homogeneous real hypersurfaces of CPn =Mn(4) are completely classified
by R. Takagi as follows:
Proposition 2.1. ([12]) Let M be a homogeneous real hypersurface of
CPn. Then M is locally congruent to one of the following spaces:
(A1) a geodesic hypersphere of radius r where 0 < r < pi2 ;
(A2) a tube of radius r over a totally geodesic CPk (1 ≤ k ≤ n − 1), 0 <
r < pi2 ;
(B) a tube of radius r over a complex quadric Qn−1, 0 < r < pi4 ;
(C) a tube of radius r over CP1 × CP (n−1)
2
, n ≥ 5 is odd, 0 < r < pi4 ;
(D) a tube of radius r over a complex Grassmann G2,5(C), n = 9, 0 < r <
pi
4 ;
(E) a tube of radius r over a Hermitian symmetric space SO(10)/U(5), n =
15, 0 < r < pi4 .
All these hypersurfaces are Hopf hypersurfaces. Moreover, we have
Proposition 2.2. ([13]) The tangent space of the homogeneous real hyper-
surfaces in CPn can be decomposed as follows:
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for type (A): TM = Rξ ⊕ Tx ⊕ T− 1
x
, Aξ = (x− 1x)ξ, x > 0;
for type (B): TM = Rξ ⊕ Tx ⊕ T− 1
x
, Aξ = −4x
x2−1ξ, 0 < x < 1;
for type (C)–(E):
{
TM = Rξ ⊕ Tx ⊕ T− 1
x
⊕ T 1+x
1−x
⊕ Tx−1
1+x
,
Aξ = −4x
x2−1 , 0 < x < 1,
where Tλ denotes the eigenspace of the shape operator with the principal
curvature λ. Further, for type (B)–(E) we have φTx = T− 1
x
.
Using Proposition 2.2 and the fact that dimTx = dimT− 1
x
= n− 1 for a
real hypersurface of type (B), we easily have the following:
Proposition 2.3. For a real hypersurface of type (B) in CPn, we have
(i) φA+Aφ = − 4αφ;
(ii) A2 + 4αA− I = (α2 + 3)η ⊗ ξ;
(iii) tr A = α
2−4(n−1)
α ;
(iv) tr A2 = α2 + 16(n−1)
α2
+ 2(n− 1),
where α is the principal curvature corresponding to ξ.
In CHn = Mn(−4), Berndt [2] classified the Hopf hypersurfaces with
constant principal curvatures as follows:
Proposition 2.4. ([2]) Let M be a Hopf hypersurface in CHn. Then M
has constant principal curvatures if and only if M is locally congruent to
one of the following spaces:
(A0) a horosphere;
(A1) a geodesic hypersphere or a tube over a complex hyperbolic hyperplane
CHn−1;
(A2) a tube over a totally geodesic CHk, 1 ≤ k ≤ n− 2;
(B) a tube over a totally real hyperbolic space RHn.
In what follows the hypersurfaces of type (A1), (A2) in Proposition 2.1
and those of type (A0), (A1), (A2) in Proposition 2.3 will be called hyper-
surfaces of type (A).
Next, we consider a homogeneous structure on a Riemannian homoge-
neous manifold. We start with
Definition 2.1. A connected Riemannian manifold (M, g) is said to be
homogeneous if the group I(M) of isometries acts transitively on M .
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On the other hand, local homogeneity is defined by
Definition 2.2. A connected Riemannian manifold (M, g) is said to be
locally homogeneous if, for each p, q ∈ M , there exsits a neighborhood U
of p, a neighborhood V of q and a local isometry φ : U → V such that
φ(p) = q.
In the paper [1], Ambrose and Singer give a criterion for homogeneity of
a Riemannian manifold as follows:
Proposition 2.5. ([1]) A connected, complete and simply connected Rie-
mannian manifold M is homogeneous if and only if there exists a tensor
field T of type (1, 2) on M such that
(i) g(TXY, Z) + g(Y, TXZ) = 0,
(ii) (∇XR)(Y, Z) = [TX , R(Y, Z)]−R(TXY, Z)−R(Y, TXZ),
(iii) (∇XT )Y = [TX , TY ]− TTXY ,
for X,Y, Z ∈ X(M). Here X(M) denotes the Lie algebra of all C∞ vector
fields over M .
Further, without the topological conditions of completeness and simply
connectedness, the three conditions (i)–(iii) of Proposition 2.5 give a crite-
rion for local homogeneity ofM . If we put ∇˜ := ∇−T , then the conditions
(i), (ii) and (iii) are equivalent to ∇˜g = 0, ∇˜R = 0 and ∇˜T = 0, respec-
tively.
In the paper [11], the author proves the following:
Proposition 2.6. ([11]) The following tensor TB defines a homogeneous
structure on a homogeneous real hypersurface M of type (B):
(2.4) TBXY =
α
2
η(X)φY + η(Y )φAX − g(φAX, Y )ξ,
where α is the principal curvature corresponding to ξ.
For a D’Atri- and a C-space, we have the following:
Proposition 2.7. ([6]) LetM be a D’Atri- or C-space. Then the curvature
tensor R and the Ricci tensor ρ ofM satisfy the following Ledger conditions
of order three and five:
L3 : (∇Xρ)(X,X) = 0,
L5 :
∑
i,j g(R(ei, X)X, ej)g((∇XR)(ei, X)X, ej) = 0, X ∈ TpM,
82 Setsuo Nagai
where {ei} is an orthonormal basis of TpM, p ∈M .
The condition L3 is equivalent to
(∇Xρ)(Y, Z) + (∇Y ρ)(Z,X) + (∇Zρ)(X,Y ) = 0.
This means that ρ is cyclic-parallel or equivalently, ρ is Killing tensor.
Hopf hypersurfaces in Mn(c) with cyclic-parallel Ricci tensor are com-
pletely classified by J. H. Kwon and H. Nakagawa:
Proposition 2.8. ([7], [8]) Let M be a Hopf hypersurface of Mn(c), c 6= 0.
Then ρ is cyclic-parallel if and only if
(a) Mn(c) = CPn and M is locally congruent to a real hypersurface of type
(A) or to one of type (B) with α = 2
√
3
√
n− 1;
(b) Mn(c) = CHn and M is locally congruent to a real hypersurface of type
(A).
3. Proof of the theorem
In this section, we give a new and simple proof of the following Theorem:
Theorem 3.1. ([3]) A Hopf hypersurface in a non-flat complex space form
is a D’Atri space or a C-space, respectively, if and only if it is locally con-
gruent to a hypersurface of type (A).
In the paper [9], the author proved that a real hypersurface of type
(A) is naturally reductive homogeneous. Further, a naturally reductive
homogeneous space is a D’Atri- and C-space. So, according to Proposition
2.6 and Proposition 2.7, we only need to prove that the real hypersurface
of type (B) with α = 2
√
3
√
n− 1 does not satisfy L5 in Proposition 2.7.
First, we prove the following lemma:
Lemma 3.2. Let M be a real hypersurface of type (B) with cyclic-parallel
Ricci tensor. Then we get
(3.1) α = 2
√
3
√
n− 1,
(3.2) trA =
4
√
3
3
√
n− 1,
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(3.3) trA2 = 14n− 38
3
,
(3.4) Aφ = −φA− 2√
3
√
n− 1φ,
(3, 5) A2 = − 2√
3
√
n− 1A+ I + 3(4n− 3)η ⊗ ξ,
(3.6) A3 =
3n+ 1
3(n− 1)A−
2√
3
√
n− 1I +
2
√
3(4n− 3)(3n− 4)√
n− 1 η ⊗ ξ,
(3.7) φA2 = − 2√
3
√
n− 1φA+ φ,
(3.8) φA3 =
3n+ 1
3(n− 1)φA−
2√
3
√
n− 1φ,
(3.9) A2φ =
2√
3
√
n− 1φA+
3n+ 1
3(n− 1)φ,
(3.10) A3φ = − 3n+ 1
3(n− 1)φA−
4(3n− 1)
3
√
3
√
n− 1(n− 1)φ,
(3.11) AφA = −φ,
(3.12) A2φA = φA+
2√
3
√
n− 1φ,
(3.13) A3φA = − 2√
3
√
n− 1φA−
3n+ 1
3(n− 1)φ.
Proof. Due to Proposition 2.8, we have (3.1). Using Proposition 2.3, (2.2)
and (3.1), we obtain (3.2)–(3.13). This completes the proof of Lemma
3.2.
84 Setsuo Nagai
Now, we prove that the real hypersurface of type (B) in CPn with cyclic-
parallel Ricci tensor does not satisfy the Ledger condition of order five L5.
Owing to Proposition 2.5, Proposition 2.6 and the symmetric properties of
R, L5 may be written in the form
(3.14)
∑
i,j
g(R(ei, X)X, ej)g(R(ei, TBXX)X, ej) = 0.
Using (2.2), (2.3), (2.4), (3.1), (3.2) and (3.3), we see that the left-hand
side of (3.14) becomes
(3.15)∑
i,j g(R(ei, X)X, ej)g(R(ei, T
B
XX)X, ej)
=
√
3
√
n− 1η(X)
[{
−6√3√n− 1η(X)η(X) + 4
√
3
3
√
n− 1g(X,X)
+(14n− 383 )g(AX,X)− g(A3X,X)
}
g(AφX,X)
+g(A2X −X,X)g(A2φX,X)− g(AX,X)g(A3φX,X)
+ {g(X,X)− η(X)η(X)} g(AφAX,X)]
+η(X) [g(φAX,X) {(2n+ 13)g(X,X) + 12(3n− 4)η(X)η(X)
+4
√
3
3
√
n− 1g(AX,X)− 4g(A2X,X) + 3g(AφAX,φX)
}
+g(AφAX,X)
{
4
√
3
3
√
n− 1g(X,X) + g(AX,X) + 3g(AφX, φX)
+(14n− 383 )g(AX,X)− g(A3X,X)− 2
√
3
√
n− 1η(X)η(X)}
−3g(AX,X)g(A2φX,X) + g(A2φAX,X)g(A2X −X,X)
−g(AX,X)g(A3φAX,X)]− η(X)g(φAX,X) {(22n− 19)g(X,X)
−3η(X)η(X) + 6√3√n− 1g(AφX,φX) + 4√3n√n− 1g(AX,X)
+(12n− 13)g(A2X,X)− 2√3√n− 1g(A3X,X)} .
Further, substituting (3.4)–(3.13) in the right-hand side of (3.15), we arrive
at
(3.16)∑
i,j g(R(ei, X)X, ej)g(R(ei, T
B
XX)X, ej)
= η(X)g(φAX,X)
{
18(4n2 − 10n+ 4)η(X)η(X)− 12(3n− 4)g(X,X)
− 2
√
3√
n−1(9n
2 − 25n+ 14)g(AX,X)
}
.
For unit tangent vectors u ∈ Tx, v ∈ T− 1
x
, we put X = ξ + u + v and
substituting this X in the right-hand side of (3.16), we are led to
(3.17)∑
i,j
g(R(ei, X)X, ej)g(R(ei, TBXX)X, ej) =
8
(n− 1)(−18n
3+16n2−79n+29).
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For any integer n ≥ 2, the right-hand side of (3.17) does not vanish, because
this is equivalent to
(3.18) n(18n2 − 66n+ 79) = 29,
and n = 29 is not a solution of (3.18). So the real hypersurface of type
(B) with cyclic-parallel Ricci tensor does not satisfy L5. This completes
the proof of Theorem 3.1.
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